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Abstract The “Corollary 1”7 formulation in SUN, B. H. Incompatible deformation field
and Riemann curvature tensor. Applied Mathematics and Mechanics (English Edition),
38(3), 311-332 (2017) is corrected. It can be stated as follows: The symmetric part of the
deformation gradient has no contribution to the trace of the displacement density tensor.
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Nomenclature
X,Y, position vectors in the undeformed state; v, gradient of V;
x,y, position vectors in the deformed state; Vx, gradient of V respect to X;
Ga, base vector in the undeformed state; Ve, gradient of V respect to x;
gk, base vector in the deformed state; €, permutation tensor;
u, displacement vector; Q, antisymmetric part of the displacement
F, deformation gradient; gradient;
R, Riemann curvature tensor in the unde- ®, tensor product;
formed state; I, Kronecker delta, I = d;5e; ® ej;
Au, displacement vector variation; T, displacement flux density tensor.

The “Corollary 1”7 formulation in Ref. [1] is incorrectly presented. The flawless should be maintained,
and the misrepresentation must be corrected.

1 Corollary 1 and its proof in Ref. [1]

In Ref. [1], Corollary 1 is incorrectly proposed. Making the letter self-contained, the corollary and
its proof are rewritten as follows:

Corollary 1 The symmetric part of the deformation gradient F has no contribution to the dis-
placement change Aw and the displacement density tensor T'.
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Proof LetS = 1(F+F")and Q= 1(F—F") be the symmetric part and anti-symmetric part of
the deformation gradient F', respectively. As we know, any tensor can be decomposed into a symmetric
part and an antisymmetric part, i.e., FF = S 4 €2. Since the curl of the symmetric tensor vanishes,
curlS = 8 X Vx =0, and curlF = curl(S + 2) = curlQ2 = Q x Vx. Then, we have

curlQ2 — curl(%(F ~FY) = %s . R(Ga,Gp)u— %u ‘R:e. (1)

curlS = 0 indicates that the symmetric part of the deformation gradient F' does not have any contribu-

tion towards to the comparability conditions. In other words, the symmetric deformations are always

compatible, and the incompatible deformation will make the symmetric deformation breaks down.
Since curlQ? = Q@ x Vx = QVx : € and thus 2V x : € = R(G4,GB)u : €, we have

QVx = %R(GA,GB)U = %u ‘R. (2)

It must be pointed out that the statement of the above corollary and its proof are wrong and should
be corrected.

2 Correction of Corollary 1 and its proof

Before presenting the corrected version of the above corollary, let us first prove a Lemma as follows:

Lemma 1 The trace of curl of a symmetric tensor is zero.

Proof Let A = Ajje; ® e; be a symmetric tensor, i.e., A;; = Aj;. The curl of the tensor A is
defined as follows:

curlA = A XV = Aj5e; ®e; x Vier = Vi(Aij)e; ® ej X e = ViAijejime: @ em,
where e;rm, is the permutation symbol. Therefore, we can define the trace of the curl of tensor A by
tr(curlA) =TI :curlA =1 : (A x V), where I = d;5e; ® e; = e; ® e; is the Kronecker delta. Therefore,
tr(curlA) =1: (VkAijejkmei ® em)
= 5,u,ueu Xey: vaijejkmei X em
= 5ukaAij€jkm(eu . ei)(e,, . em)
= 5,uvvaijejkm6ui5um
= 0imViAij€jkm
= ViAijejki.
Since Ajj = Aj; and ejr; = —eixj, we have tr(curlA) = Vi Ajjejr = 0.

Corollary 2 The symmetric part of the deformation gradient F has no contribution to the trace
of displacement density tensor T.

Proof Let S =1(F+F")and Q= 1(F — F") be the symmetric part and the anti-symmetric
part of the deformation gradient F', respectively. As we know, any tensor can be decomposed into a
symmetric part and an antisymmetric part, i.e., F' = .S 4 .

Since the trace of the curl of the symmetric tensor vanishes, i.e., tr(curl S) = tr(S x Vx) = 0, we

have tr(curl F') = tr(curl(S 4 2)) = tr(curlS) + curlQ = tr(2 x Vx). Then, we have the trace of the
displacement density tensor T as follows:

0T = —tr(F x Vx) = —tr(Q x Vx) = —%tr((F CFT) x V) = —%tr(u ‘R:ie)  (3)
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